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channel @ Receiver

Intermediate nodes can be added. These nodes would originally
have the only function of forwarding the received messages.
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Network Coding

Allows intermediate nodes to combine messages before forwarding
them.
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Physical-layer Network Coding

Exploits the network coding operation performed by nature.
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Definition
A signal constellation is a set of points in the complex plane used
to describe all possible symbols used by a system to transmit data.

=)
&

Points of transmission and reception.
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General Objective

We tackle the design of new signal constellations for Physical-layer
Network Coding. Towards this aim, the appropriate algebraic tools
need to be identified.

Design Objective

We aim at defining a design methodology and propose the best
performing constellations. Performance will depend on the
algebraically induced geometry.
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What Do We Need in Order to Design?
m Mathematical Theory
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Commutative Rings

We are going to design constellations carved from the rings Z]i]
and Z[w].

{Commutative Rings} D {PIDs} D {Euclidean Domains} O {Fields}

We Are Looking For

R/aR field, R PID and aR ideal.
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Z[i] = {a+ bila, b € Z}

Definition

For a = a+ ib € Z[i], its norm is defined as

N(a) = aa* = (a+ bi)(a — bi) = a°® + b°.

Theorem: Norm Is Multiplicative.

For o and S in Z[x], N(aB) = N(a)N(p).

N(ap) = (ap)(af)" = afa’™" = (aa™)(BB") = N(a)N(B).
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Theorem of Division

For a, 8 € Z[i] with 3 # 0, there are 7, p € Z[i] such that
a = By + p where N(p) < N(B).

m Let a, 8 € Z[i] with B #0. Then o/ € C= a/f = u+ iv with u,v € R.
macZclosetou=|u—al <1/2.
m beZclosetov=|v—bl<1/2.
Set y=a-+ib € Z[i]. Set p=a —~B € Z][i].
= Remains to prove N(p) < N(B). (Note 8 # 0 = N(B) # 0).
m N(p) = N((p/B)B) = N(p/B)N(85):
= N(p) < N(B) & N(p/P) <1
= p/B=(a—3B)/f=a/f—7=(u+tiv)=(atib)=(u—a)+i(v—Db)
= N(p/B)=(u—a)’+(v—b2<1/4+1/4=1/2<1.
Therefore o = 3 + p with N(p) < N(B).
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Definition
An integral domain R is said to be an Euclidean domain if there is a function N from
the set of non-zero elements of R to the set of non-negative integers such that
m (Theorem of Division) given a, b € R with b # 0 there exist g, r € R such that
a = bq + r where N(r) < N(b), and
m for all non-zero elements a and b of R we have N(a) < N(ab).

Euclidean domains are PIDs. '

Let C be any non-zero ideal of the Euclidean domain R, and d € C be a non-zero
element of minimum norm.

We claim (d) = C. Certainly, (d) C C.
Let a € C. By the Theorem of Division, a = qd + r, with r = 0 or N(r) < N(d). Since
a—qd =r € C, by minimality of N(d) we see r =0 and a = qd € (d). O
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Zlw] ={a+ bw|a,b e Z}

with w is a primitive cube root of 1:

. 27 27 1
_ 2#1/3: < .. [ D .
w=e cos<3>—|—/sm<3> 2( 1+/\/§>.

Definition

For « = a+ wb € Z[w], its norm is defined as

N(a) = aa* = a* + b? — ab.

De Zarza i Cubero. — Physical-layer Network Coding. 17/53



What Do We Need in,Order to Design?

.
- Ou:cline ‘ i Al UNRB

/\ N Universitat Autdnoma
\ deBarcelona

What Do We Need in Order to Design?

m Performance Metrics
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Definition

The decision region for a point x. in the constellation
A = {xc}c=0....m, denoted R,_, is the set of points of the complex
plane that are closer to x. than to any other point of the signal
constellation.
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We assume an AWGN (Additive White Gaussian Noise) channel.

n(t)

l = yt)==2(t)+n(t)

a(t) @ y(t)

The noise n(t) is a 1 dimensional random signal Gaussian with zero mean, variance o

and probability distribution:

The computation of P assumes the inputs x. equally likely: py(c) = ﬁVc.
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ML Detector Is the Optimum Detector

Which has decision rule of taking the point of the constellation the detected point is
nearest to.

|

The Exact P,
Corresponds to the sum of probabilities of having an error when transmitting a given
symbol

M—-1
Z Pue P(c) = Z Pae=1- % 3 P
c=0

= c=0

De Zarza i Cubero. — Physical-layer Network Coding. 21/53



What Do We Need in,Order to Design?

Probability' of Erfr{)r 1 URB

Universitat Autonoma

! deBarcelona

The probability of error for the ML detector on the AWGN channel, with a M-point
signal constellation with minimum distance dj, is bounded by

P. < (M-1)Q [ "2”‘0} .

The Nearest Neighbor Union Bound
The probability of error for the ML detector on the AWGN channel, with a M-point
signal constellation with minimum distance dyj, is bounded by

P. < NeQ {d"“"]
20
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What Do We Need in Order to Design?

m A Reference to Compare
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A ={a[n]} = {A(ar[n] + iac[n])},
with a.[n] odd integers around zero
s T 5 — QAN
{757 e 16GAM
JiTT] s 510 AM
A ] e 25500
e NNUB 4QAM
= NNUB 16QAM
2 \ X FoX —— NNUB B4QAM
P AR e
E \ VTN ] — ve veoaw
ERR IR L0 VU W {0
il 1
. IV
n‘ ‘] 0 5 10 15 20 25 30

SNR per symbol (45)
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A= {Aej2k7r/M}7

, 2, , M.
16-PSK Constellaton Deckion Regio MPSK
10°
x NNUB 4PSK
Y NNUB 8PSK
} NNUB 16PSK
N AN 1] ——nnuseapsk
\ \ \ \ ——UB 4PSK
o ——uB8PsK
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m System Model
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Points of the Constellation

F, ¥ Z/pl —' Z[i)/xZ[i) = c =

w1 Encoder Ty
—“)| "
5 N ZIo
Encoder
v _)E

Collect L times

2l 5 2l jnzli) 2 2oz A L B =z

S § T
wy, Encoder
—/

BN
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What Do We Need in Order to Design?

m Proposed Methodology
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Methodology

m Step 1: select a ring v.

m Step 2: select a type of prime p.

m Step 3: choose size of the [ N
constellation M = p".

m Step 4: determine a field in Z and v.

Step 4

m Step 5: define the mapping of the )
constellation and its inverse. ‘
e
o)
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Proposed Designs
m Designs in Z[]
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Design 1
m Step 1: ring Z[i].
m Step 2: primes p € ZT, p=1mod4 in Z[i] (p = n7*).
m Step 3: M =p.
m Step 4: field with M = p elements in Z and Z[i].

m Z/pZ, #(Z/pZ) = |p| = p.
w Z[i]/nZ[i], # (Z[i]/=Z[i]) = N(x) = nr* = p.

If Ris a PID and a € R is irreducible then R/aR is a field. |
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Design 1
m Step 5: we are looking for IF, = Z[i]/7Z[i].

The first mapping from I, to Z[i]/7Z[i] is defined as follows.
We first state the theorem of division in Z[i]

X = Amw+ 7,
with N(v) < N(x),
where A = [i} = [Xﬂ*] .
m s

If we solve for the residue
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The mapping of the constellation is defined as:

/i F, Z[i) /= Z[i]
. u(:c)z:cf[mr*}ﬂ

The inverse mapping is defined as:

,u_l . Z[i)/7Zli] Fy

a = Ha) = (a(vr™) + a* (ur™))modp

with um + vr* = 1.
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Design 2
m Step 1: ring Z[i].
m Step 2: primes p € Z", p=3mod4 in Z][i].
m Step 3: M = p?.
m Step 4:

m Z[il/pZ[i], # (Z[1)/pZIi]) = N(p) = p*
m F[X]/(2 + 1), # (F,[X]/(x* + 1)) =

If Ris a PID and a € R is irreducible then R/aR is a field. I
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Design 2

m Step 5: we are looking for F,[X]/(x? + 1) & Z[i]/pZ][i] with
X corresponding to /.

We are going to see that the two fields are isomorphic to
ZIX]/(p, x* + 1).
m First, Z[X]/(x? + 1) = Z[i] with X — i.

Y Z[X > 71

P(X) | P(i)

Surjective with kernel (1 + x2).
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By the NOETHER First Isomorphism Theorem:
Image(v)) = Z[X]/Kernel())

Z[i] = Image(v))

Z[X]

s

Z[X]/Kernel(z))
Z[X]/(z* + 1)

We can assert 1/ 1(pZ][i]) = (p, x*> + 1). Hence
2101/ p2li] = ZIX) (. % + 1),
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m Since Fy, = Z/pZ we have

FolX1/(C +1) = (Z/pZ) [X]/(* +1),
=~ (ZIX)/(p)) /(x* + 1),
ZIX1/(p.* + 1).

112
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The mapping of the constellation is defined as:

Yt FyX])/(a? +1) > ZL[i]/pZ[i]

T )

The inverse mapping is defined as:

v~ Z[ /pZli) > F,[X]/(z + 1)

7 T
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Nearest Neighbor Union Bound

symbol eror rate

0 5 10 15 20 25 30 3H 40 45 50
SNR per symbol (4B)
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Proposed Designs

m Designs in Z[w]
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Design 3
m Step 1: ring Z[w].
m Step 2: primes p € ZT, p=1mod6 in Z[w] (p = m7*).
m Step 3: M =p.
m Step 4:

m Z/pZ, #(Z/pZ) = |p| = p.
m Z[w]/7Z|w], # (Z|w]/7Z|w]) = N(7) = n7* = p.

If Ris a PID and a € R is irreducible then R/aR is a field. |
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m Step 5: we are looking for Z/pZ = Z|w]/mZ[w].

The mapping of the constellation is defined as:

S Z|w] /7 Z[w)
2 ﬂ(z):xf[am*}ﬂ

The inverse mapping is defined as:
,u_l : Z[”LU]/’/TZ['LU] ]Fp

a pta) = (a(vr®) + a* (ur*))modp

with um + vr* = 1.
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Design 4
m Step 1: ring Z[w].
m Step 2: primes p € ZT, p=2mod3 in Z[w].
m Step 3: M = p?.
m Step 4:

« Z{w/pZlw], # (Z[w]/pZlw]) = N(p) = 7.
m Fo[X]/(x* 4+ x + 1), # (Fo[X]/(x* + x + 1)) = p*.

If Ris a PID and a € R is irreducible then R/aR is a field. I
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Design 4

m Step 5: we are looking for Z[w]/pZ[w] = F,[X]/(x® + x + 1)
with X corresponding to w.

The mapping of the constellation is defined as:

Vi FplX]/(@® +a+1) Z[w)/pZ{w]

T ¢ w

The inverse mapping is defined as:

71 Zw) /pZlw] Fp[X]/(2® + 2 +1)

N e m— i 1
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m ldentification of algebraic theory:
= PID. /
m Euclidean domain. +/
m Fields. /
m |dentification of performance metrics:
m Decision regions. +/
m Nearest Neighbor Union Bound. /
m MATLAB parameters computation:
L dmin- \/
m Ne. /
m System model know how:
m MATLAB implementation proposed. /
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m Design and performance of the constellations:
m Z[i]:
m 1 mod4
® 3 mod4. /
m Z[w]:
® 1 mod6. /
® 2 mod3. 4/
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And Finally the Best Constellations Are

m 1mod 6 constellation in Z[w] is the best performing
constellation.

m 1mod4 constellations in Z[i] appear as a good QAM
alternative.

m QAM constellations have better performance than 3mod 4 in
Z[i] and 2mod 3 in Z[w].
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DE ZARZA | CUBERO Irene.
Thank you.
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